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Abstract
In this work we study the renormalization group flow of holographic entanglement entropy in dimensions
d ≥ 3 in the gauge/gravity duality set up. We observe that a generalized temperature Tg can be defined
which produces the entanglement temperature Tent in the UV region and the Hawking temperature TH
in the IR region. Furthermore, In the IR limit, Tg produces the Hawking temperature TH along with
some quantum corrections which bears the signature of short distance correlations along the entangling
surface. This generalized temperature Tg firmly captures the quantum mechanical to thermal crossover
in the dual field theory by pointing out a critical value lc of the subsystem size at the boundary which we
graphically represent for AdS3+1 and AdS4+1 black holes.
Introduction
The von Neumann entropy or the entanglement entropy (EE) is one of the fundamental and wellstudied
entities of quantum physics [1]. It is non-local in nature and represents how the degrees of freedom of two
subsystems are correlated. This bipartite scenario can be extended further to a multipartite scenario [2]. In
the bipartite case, there exists two subsystems namely A and B. The mathematical definition of the EE is
then given by
SA = −tr[ρA log ρA] (1)
where ρA is the reduced density matrix of the subsystem A constructed by tracing out the degrees of freedom
of the subsystem B from the total density matrix (ρtotal) of the system as
ρA = trB[ρtotal]. (2)
The EE has been a matter of great interest in quantum information theory as it captures the amount
of information loss suffered due to spatial division of the concerned system. It has also been shown a
strong connection exists relating the quantum information with the thermal entropy of a system [3]. This
led to the computation of EE in the field theoretical set up. However, The computation of EE in field
theoretical scenario is notoriously difficult as it is divergent in nature and demands a number of symmetries
for analytical computations. In a field theory with conformal group symmetry, the EE has been computed in
1+1-dimensions for various topologies of the subsystems [4]. However, the computation of EE in a interacting
field theory or a higher dimensional free field theory is not quite clear [5]. This problem was resolved by
the AdS/CFT correspondence in a satisfactory way. [6], [7]. The interesting connection between a weakly
coupled gravitational theory and a strongly coupled quantum field theory (QFT), provided by the AdS/CFT
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correspondence has been a matter of great interest for the last two decades [8], [9]. This correspondence
has led to the concept of holographic computation of EE via the Ryu-Takayanagi prescription [10]. The
holographic computation of EE states that the holographic entanglement entropy (HEE) of a asymptotically
AdSd+1 spacetime is equal to EE of a d-dimensional CFT which lives at the boundary of the classical bulk
theory. The formula for the HEE is given by [11]
SHEE =
Area(γA)
4Gd+1
(3)
where γA represents the static minimal surface extending into the bulk due to the presence of the subsystem
A at the boundary of the assymptotically AdS spacetime. Interestingly, this is quite similar to the famous
Bekenstein-Hawking area law for black hole entropy [12]. The computation of HEE under different circum-
stances has been a well studied subject thereafter [13]-[20]. The computation of HEE has also been extended
to time-dependent scenarios. This is the covariant HEE prescription [21]. Interestingly in the UV limit,
the HEE gives a thermodynamics like law. This has been named as entanglement thermodynamics in the
literature which in turn gives a entanglement temperature Tent [22]. However, to define the entanglement
temperature one has to neglect the higher order terms in the temperature expansion of the HEE [23]. One
must note that the definition of Tent is also not quite clear as it is quite different from our known notion of a
thermodynamic temperature and it is inversely proportional to the the subsystem size at the boundary. This
invokes the thrust to look out for a real thermodynamical notion of a temperature in the theory which shall
have a global defintion unlike Tent as this would provide a deep understanding about the microscopic origin
of thermodynamics. Moreover, this raises another question about a possible connection existing between
the entanglement temperature and a real temperature. The usual approach to the computation of the HEE
has been heavily influenced by the UV or IR domain of the theory determined by the size of the boundary
subsystem. However, to observe the evolution of the HEE with the subsystem size correctly one has to work
with the entire domain or more precisely the total RG scale of the theory. In case of a (1 + 1)-dimensional
conformal field theory (CFT) this is quite simple as the computed results of EE has a well defined closed an-
alytical form. This leads to some fascinating results by providing us a connection between EE and Hawking
entropy along with the Hawking temperature [24], but the story drastically changes in higher dimensions
due to technical computations.
In this work we observe the evolution of EE with the subsystem size in dimensions d ≥ 3 along the total
RG scale of the theory by incorporating all the terms in the expansion. Such a study was carried out earlier
in [24] in the case of the 2 + 1-dimensional BTZ black hole which corresponds to a 1 + 1-dimensional CFT.
We define a generalized temperature Tg using the first law of black hole thermodynamics and we show that
Tg produces the entanglement temperature in the UV limit and the Hawking temperature in the IR domain
of the RG scale. We specifically represent this for AdS3+1 and AdS4+1. These interesting result indicates
that the entanglement temperature can evolve to a real thermodynamic temperature which satisfying a real
thermodynamical law.
The paper is organized as follows. In section 1, we holographically compute the EE of both the ground
state and the excited state of a d-dimensional field theory by incorporating the Ryu-Takayanagi conjecture
for a strip like subsystem. We then produce a divergence free entanglement entropy namely renormalized
entanglement entropy SREE . In section 2, we define a generalized temperature Tg by utiling the first law
of black hole thermodynamics and the result of SREE . We also study the behavior of Tg in the UV and
IR domain in arbitrary dimensions. In section 3, we concentrate on AdS3+1 and AdS4+1 to graphically
represent the variation of the inverse generalized temperature βg with respect to the subsystem size l and
present a RG equation of βg. We then observe the flow of βg along the total RG scale of the theory. Finally,
we discuss the results we obtain in section 4.
1 Renormalized holographic entanglement entropy
In this section, We shall compute the renormalized HEE for the AdS Schwarzschild black hole in d + 1-
dimensions. To begin with we write down the metric of the d + 1-dimension AdS Schwarzschild black
hole
2
ds2 =
R2
z2
[
− f(z)2dt2 + dz
2
f(z)2
+
d−1∑
k=1
dx2k
]
. (4)
This geometry is then dual to a d-dimensional CFT at the boundary by the AdS/CFT correspondence.
The expression for the lapse function f(z) contains the information about the excitation properties of
the boundary CFT. The ground state in the d-dimensional boundary CFT corresponds the lapse function
f(z) = 1 and the metric represents pure AdS spacetime in (d+ 1)-dimensions:
ds2 =
R2
z2
[
− dt2 + dz2 +
d−1∑
k=1
dx2k
]
. (5)
Similarly, a thermally excited state in the d-dimensional boundary CFT leads to a deformed AdS spacetime.
More precisely, the excited state in the CFT corresponds to an assymptotically AdS space with a black hole
with the lapse function
f(z) =
√
1− z
d
zdh
. (6)
where zh is the event horizon radius of the black hole. The metric is the well known AdSd+1 Schwarzschild
black hole geometry and is given by
ds2 =
R2
z2
[
(1− z
d
zdh
)dt2 +
dz2
(1− zd
zdh
)
+
d−1∑
k=1
dx2k
]
. (7)
The Hawking temperature of the black hole reads
TH =
d
4pizh
. (8)
We now proceed to holographically calculate the entanglement entropy of the excited state of the d-
dimensional boundary CFT.
1.1 Holographic entanglement entropy of the AdSd+1 Schwarzschild black hole
To begin our analysis, we first make the choice of subsystem A at the boundary. This is a strip whose
geometry is specified as − l2 < x1 < + l2 and −L2 < x2,3,4,..,d−1 < +L2 . This specifies the volume of the
subsystem at the boundary field theory to be
V(A) = L
d−2l . (9)
The thermal entropy of the boundary field theory which is the amount of Bekenstein-Hawking entropy
contained in the above mentioned boundary subsystem volume is given by [24]
SBH =
1
4Gd+1
Ld−2l
zd−1h
(10)
where, Gd+1 is the Newton’s gravitational constant in (d+ 1)-dimensions.
On the First step, we proceed to compute the HEE and the corresponding subsystem size in terms of the
bulk coordinates of the metric (7). Here we keep L, representing the width of the strip is fixed but the
length of the strip denoted by l can vary from zero to infinity. We parametrize the static minimal surface
3
γA by x1 = x(z).
The corresponding area of γA reads
A(γA) = 2R
d−1Ld−2
∫ zt
a
zd−1t dz
zd−1
√
1− zd
zdh
√
z
2(d−1)
t − z2(d−1)
=
2Rd−1Ld−2
z
(d−2)
t
∞∑
n=0
Γ[n+ 12 ]√
piΓ[n+ 1]
αnd
∫ 1
(a/zt)
du
und
u(d−1)
√
1− u2(d−1)
; u =
z
zt
, α =
zt
zh
(11)
The holographic entanglement entropy (SEE) can now be computed from the RT formula [10]
SE =
A(γA)
4Gd+1
=
1
2(d− 2)Gd+1
(
L
a
)(d−2)
−
√
pi
2Gd+1
(
L
zt
)(d−2) Γ[ d2(d−1) ]
(d− 2)Γ[ 12(d−1) ]
+
1
2Gd+1
∞∑
n=1
Γ[n+ 12 ]
Γ[n+ 1]
Γ[2+(n−1)d2(d−1) ]
2(d− 1)Γ[ 1+nd2(d−1) ]
(
zt
zh
)nd
; (d ≥ 3) . (12)
zt is the turning point in the bulk satisfying the condition
dz
dx1
|z=zt = 0. It is the maximal value of z
on minimal surface γA. The position of the turning point zt with respect to the event horizon radius zh
holographically determines the UV ( ztzh  1) and IR (
zt
zh
≈ 1) domains of the concerned field theory from
the gravity side of the story.
The length (l) of the boundary subsystem A in terms of the turning point zt reads
l = 2
∫ zt
0
z(d−1)dz
z
(d−1)
t
√
1− zd
zdh
√
1− ( zzt )2(d−1)
= 2zt
√
pi
Γ[ d2(d−1) ]
Γ[ 12(d−1) ]
+
∞∑
n=1
(
2zt
1 + nd
)
Γ[n+ 12 ]
Γ[n+ 1]
Γ[d(1+n)2(d−1) ]
Γ[ 1+nd2(d−1) ]
(
zt
zh
)nd
. (13)
In the above expressions we have set the AdS radius R = 1.
1.2 Holographic entanglement entropy of the pure AdSd+1 spacetime
We move onto compute the holographic renormalized entanglement entropy of the AdSd+1 Schwarzschild
black hole. This we shall do by substracting the holographic entanglement entropy of the pure AdSd+1 space-
time from the holographic entanglement entropy of the AdSd+1 Schwarzschild black hole. The holographic
entanglement entropy (SG) and subsystem size l of the pure AdSd+1 spacetime reads [11]
SG =
1
2(d− 2)Gd+1
(
L
a
)(d−2)
− 2
(d−3)pi
d−1
2
(d− 2)Gd+1
(Γ[ d2(d−1) ]
Γ[ 12(d−1) ]
)(d−1)(L
l
)(d−2)
(14)
and
l = 2
√
pi
Γ[ d2(d−1) ]
Γ[ 12(d−1) ]
zgt (15)
where zgt is the turning point corresponding to ground state of the boundary CFT.
The relation between the turning point of the AdSd+1 Schwarzschild geometry and that in the pure AdSd+1
4
geometry is as follows:
zgt = zt
[
1 +
1√
pi
∞∑
n=1
(
1
1 + nd
)(Γ[ 12(d−1) ]
Γ[ d2(d−1) ]
)
Γ[n+ 12 ]
Γ[n+ 1]
Γ[d(1+n)2(d−1) ]
Γ[ 1+nd2(d−1) ]
(
zt
zh
)nd ]
. (16)
We now define a divergence free holographic entanglement entropy. This has been named as the renormalized
holographic entanglement entropy SREE in the literature [24], in 2 + 1-dimensions. This is obtained by
substracting the ground state entanglement entropy from the entanglement entropy for the excited state
thereby removing the l independent UV divergence term which arises due to short distance correlation
along the entangling surface of the dual field theory. The renormalized holographic entanglement entropy
in d+ 1-dimensions therefore reads
SREE = SE − SG
=
2(d−3)pi
d−1
2
(d− 2)Gd+1
(Γ[ d2(d−1) ]
Γ[ 12(d−1) ]
)(d−1)(L
l
)(d−2)
−
√
pi
2Gd+1
(
L
zt
)(d−2) Γ[ d2(d−1) ]
(d− 2)Γ[ 12(d−1) ]
+
1
2Gd+1
∞∑
n=1
Γ[n+ 12 ]
Γ[n+ 1]
Γ[2+(n−1)d2(d−1) ]
2(d− 1)Γ[ 1+nd2(d−1) ]
(
zt
zh
)nd
. (17)
These expressions are valid for any dimension d ≥ 3.
2 A generalized temperature Tg
In this section, we define a generalized temperature in order to understand the RG flow behaviour of the
holographic renormalized entanglement entropy (SREE) for d-dimensional CFT. It has been realized in the
case of the BTZ black hole that applying the first law of black hole thermodynamics, the UV behaviour of
SREE leads to an entanglement temperature that is quite different from the Hawking temperature of the
black hole. Hence, a generalized temperature was defined which captured both the UV and the IR regions.
We shall do this for the AdSd+1 Schwarzschild black hole in this investigation.
The first law of black hole thermodynamics reads [25]
dE = TH dSBH (18)
which leads to the following change in the internal energy due to the thermal deformation of the pure AdSd+1
spacetime
E =
∫ zh
∞
THdSBH
=
(d− 1)L(d−2)l
16piGd+1z
d
h
. (19)
This internal energy represents the amount of information stored in the boundary volume. This information
behaves in a quantum mechanical way in the UV region lzh  1 and in a thermal way in the IR region
l→∞. With the internal energy in hand, we can now define a generalized temperature Tg as
βg =
1
Tg
=
(d− 1)
d
SREE
E
=
16piGd+1z
d
h
L(d−2)ld
[
2(d−3)pi
d−1
2
(d− 2)Gd+1Γ[ 12(d−1) ]
(Γ[ d2(d−1) ]
Γ[ 12(d−1) ]
)(d−1)(L
l
)(d−2)
−
√
pi
2Gd+1
(
L
zt
)(d−2) Γ[ d2(d−1) ]
(d− 2)Γ[ 12(d−1) ]
+
1
2Gd+1
∞∑
n=1
Γ[n+ 12 ]
Γ[n+ 1]
Γ[2+(n−1)d2(d−1) ]
2(d− 1)Γ[ 1+nd2(d−1) ]
(
zt
zh
)nd]
. (20)
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This generalized temperature interprolates between: the entanglement temperature in the UV region and a
real thermodynamical temperature in the IR region. In the following section we shall verify this statement
in dimensions d ≥ 3.
2.1 Behaviour of βg in the IR region
In this subsection, we shall study the behaviour of the generalized temprerature Tg in the IR region of the
theory. Before going to the IR regime, we shall simplify the expression of SREE given in eq.(17). This gives
SREE =
2(d−3)pi
d−1
2
(d− 2)Gd+1
(Γ[ d2(d−1) ]
Γ[ 12(d−1) ]
)(d−1)(L
l
)(d−2)
−
√
pi
2Gd+1
(
L
zt
)(d−2) Γ[ d2(d−1) ]
(d− 2)Γ[ 12(d−1) ]
+
1
2Gd+1
(
L
zt
)(d−2) ∞∑
n=1
[
1 +
d− 1
2 + (n− 1)d
](
1
1 + nd
)
Γ[n+ 12 ]
Γ[n+ 1]
Γ[d(1+n)2(d−1) ]
Γ[ 1+nd2(d−1) ]
(
zt
zh
)nd
(21)
where we have used the identity Γ[p+ 1] = pΓ[p]. By using eq.(13) we obtain
l
2zt
−√pi
Γ[ d2(d−1) ]
Γ[ 12(d−1) ]
=
∞∑
n=1
(
1
1 + nd
)
Γ[n+ 12 ]
Γ[n+ 1]
Γ[d(1+n)2(d−1) ]
Γ[ 1+nd2(d−1) ]
(
zt
zh
)nd
. (22)
Substituting this in eq.(21) gives
SREE =
1
4Gd+1
Ld−2l
zd−1t
+
1
2Gd+1
(
L
zt
)(d−2) ∞∑
n=1
[
d− 1
2 + (n− 1)d
](
1
1 + nd
)
Γ[n+ 12 ]
Γ[n+ 1]
Γ[d(1+n)2(d−1) ]
Γ[ 1+nd2(d−1) ]
(
zt
zh
)nd
+
2(d−3)pi
d−1
2
(d− 2)Gd+1
(Γ[ d2(d−1) ]
Γ[ 12(d−1) ]
)(d−1)(L
l
)(d−2)
−
√
pi
2Gd+1
(
L
zt
)(d−2) (d− 1)
(d− 2)
Γ[ d2(d−1) ]
Γ[ 12(d−1) ]
. (23)
Now we shall take the IR limit in the above expression by taking the limit zt → zh. In this limit, the infinite
series in the above equation goes as ≈ 1
n2
( ztzh )
nd for large n, which implies that the series converges in the
zt → zh limit. The expression for SREE in the IR limit reads
SREE =
1
4Gd+1
Ld−2l
zd−1h
+
1
2Gd+1
(
L
zh
)(d−2) ∞∑
n=1
[
d− 1
2 + (n− 1)d
](
1
1 + nd
)
Γ[n+ 12 ]
Γ[n+ 1]
Γ[d(1+n)2(d−1) ]
Γ[ 1+nd2(d−1) ]
+
2(d−3)pi
d−1
2
(d− 2)Gd+1
(Γ[ d2(d−1) ]
Γ[ 12(d−1) ]
)(d−1)(L
l
)(d−2)
−
√
pi
2Gd+1
(
L
zh
)(d−2) (d− 1)
(d− 2)
Γ[ d2(d−1) ]
Γ[ 12(d−1) ]
. (24)
Note that although in the IR limit, we use the fact zt ≈ zh, however it is known that in the high temperature
limit (IR limit), the static minimal surface approaches the event horizon but always stays at a finite distance
behind the event horizon zh [26]. The above expression shows that in the IR region the leading term of
SREE is the amount of Bekenstein-hawking entropy contained in the boundary subsystem volume given in
eq.(10).
As mentioned earlier, our main interest lies in the behaviour of Tg in the IR region. Hence substituting
eq.(24) in eq.(20), we obtain
βg =
1
Tg
=
4pizh
d
+
z2h
l
(κ− α) + z
d
h
ld−1
γ (25)
=
1
TH
+Quantum Corrections (26)
6
where
κ = 8pi
(
d− 1
d
) ∞∑
n=1
[
1
2 + (n− 1)d
](
1
1 + nd
)
Γ[n+ 12 ]
Γ[n+ 1]
Γ[d(1+n)2(d−1) ]
Γ[ 1+nd2(d−1) ]
α =
8pi3/2(d− 1)
d(d− 2)
Γ[ d2(d−1) ]
Γ[ 12(d−1) ]
γ =
2d+1pi
d+1
2
d(d− 2)
(Γ[ d2(d−1) ]
Γ[ 12(d−1) ]
)(d−1)
.
It is interesting to notice that in the IR regime the leading term of the generalized temperature is equal to the
inverse of the Hawking temperature. The rest of the terms are subsystem size dependent and quantum me-
chanical in nature as they arise due to the quantum entanglement along the entangling surface present in the
boundary field theory. In the large l limit, these quatum corrections are smaller in amplitude compared to
the Hawking temperature TH which is l independent and the correction terms are inversely proportional to l.
2.2 Behaviour of βg in the UV region
In this subsection, we look at the UV behaviour of the generalized temperature. In the UV region ( ztzh 
1, lzh  1) the renormalized holographic entanglement entropy given in eq.(17) reads
SREE =
2(d−3)pi
d−1
2
(d− 2)Gd+1
(Γ[ d2(d−1) ]
Γ[ 12(d−1) ]
)(d−1)(L
l
)(d−2)
−
√
pi
2(d− 2)Gd+1
Γ[ d2(d−1) ]
Γ[ 12(d−1) ]
(
L
zt
)(d−2)
+
√
pi
8(d− 1)Gd+1
Ld−2
zdh
Γ[ 1d−1 ]
Γ[ d+12(d−1) ]
z2t . (27)
The subsystem size in the UV limit reads
l = 2zt
√
pi
Γ[ d2(d−1) ]
Γ[ 12(d−1) ]
+
zt
√
pi
(d2 − 1)
Γ[ 1d−1 ]
Γ[ d+12(d−1) ]
(
zt
zh
)d
. (28)
Inverting eq.(28) we obtain
zt ≈ l
2
√
pi
Γ[ 12(d−1) ]
Γ[ d2(d−1) ]
[
1− 1
2d+1(d2 − 1)pid/2
Γ[ 1d−1 ]
Γ[ d+12(d−1) ]
(Γ[ 12(d−1) ]
Γ[ d2(d−1) ]
)d+1]
. (29)
Now substituting eq.(29) in eq.(27) leads to
SREE =
Ld−2l2
32
√
piGd+1z
d
h(d+ 1)
Γ[ 1d−1 ]
Γ[ d+12(d−1) ]
[Γ[ 12(d−1) ]
Γ[ d2(d−1) ]
]2
(30)
which matches with the result obtained in [22].
The generalized temperature Tg in the UV limit reads
βg ≡ 1
Tg
=
√
pil
2d(d+ 1)
Γ[ 1d−1 ]
Γ[ d+12(d−1) ]
[Γ[ 12(d−1) ]
Γ[ d2(d−1) ]
]2
∝ l. (31)
It is interesting to observe that in the UV limit the generalized temperature Tg holds the same characteristics
as the entanglement temperature Tent obtained in [22], as both are inversely proportional to the subsys-
tem size l. The result in arbitrary dimensions differs by some constants from the result of entanglement
temperature Tent. We can write down a relationship between Tg and Tent in the UV region as
7
Tent =
(
d− 1
d
)
Tg . (32)
3 Renormalization group flow of βg
In this section, we set d = 3, 4 to observe the behavior of RG flow of βg in AdS3+1 and AdS4+1 respectively.
0.0 0.2 0.4 0.6 0.8 1.0
0.0
0.5
1.0
1.5
2.0
2.5
(zt /zh )
Su
bs
ys
te
m
siz
e
(l)
d=3
d=4
Figure 1: Variation of the subsystem size l with re-
spect to ztzh (we set G = 1).
The strategy we take to do the study is quite
simple. It can be observed that the subsys-
tem size l given in eq.(13) is function of the
turning point zt alone (treating zh as a con-
stant). Substituting l(zt) in eq.(17), we can
obtain SREE(zt). This means that both l and
the renormalized holographic entanglement en-
tropy SREE are functions of the turning point
zt alone. Hence, the generalized temperature
Tg is also a function of the turning point zt
only. symbolically βg(zt). In Fig.(1), we make
use of eq.(13) to show the variation of the
boundary subsystem size l with respect to the
turning point in the bulk zt for AdS3+1 and
AdS4+1. It can be seen that the nature of the
curve remains the same in higher dimensions
and in both cases l diverges in the limit ztzh → 1.
Keeping this in mind we compute
dβg(zt)
d log l(zt)
for any dimension d ≥ 3 and plot it against the subsystem length
l(zt).
3.1 AdS3+1 black hole
Substituting d = 3 in eq.(s)(17) and (13) we obtain the renormalized entanglement entropy SREE(zt) and
l(zt) for AdS3+1 black hole. Further, substituting d = 3 in eq.(20) gives us βg(zt).
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Figure 2: Variation of βg with respect to l in AdS3+1 black hole (we
set zh = 1, L = 1000, G = 1).
In Fig.(2), we plot the inverse
generalized temperature βg(zt)
with l(zt). It can be seen that
βg(zt) saturates to the value
of inverse hawking temperature
for AdS3+1 Schwarzschild black
hole for large l. In Fig.(3)
we represent RG flow of βg(zt)
with respect to the subsystem
size l(zt) for the AdS3+1 black
hole. The flow shows a max-
imum at lc ≈ 2.309 and after
that it asymptotically decays
which represents the thermal-
ization of the excitations oc-
curred in the boundary field
theory. This maximum value
8
point can be interpreted as a crossover scale. Since upto lc, the quantum mechanical behavior dominates
and after that the quantum mechanical excitations in the boundary field theory starts to thermalize as we
move towards the IR limit which makes the flow to decay asymptotically and reveals the thermal nature of
the system.
0 2 4 6 8
0.0
0.5
1.0
1.5
2.0
Subsystem size (l)
d(β g)/
d(log
l)
Figure 3: RG flow of βg with respect to l in AdS3+1 black hole (zh = 1, L = 1000, G = 1).
3.2 AdS4+1 black hole
This scenario is quite interesting as in this case the ground state EE corresponds to the EE of N = 4 Super
yang-mills in (3+1)-dimensions which is dual to the pure AdS5 spacetime. The emergence of the AdS5 bulk
dual from the EE of N = 4 SYM has been studied in [27].
0 2 4 6 8
0.0
0.5
1.0
1.5
2.0
2.5
Subsystem size (l )
(β g)
Figure 4: Variation of βg with respect to l in AdS4+1 black hole
(zh = 1, L = 1000, G = 1).
Once again we graphically rep-
resent the variation of βg(zt)
with l(zt) in Fig.(4) and
dβg(zt)
d log l(zt)
in Fig.(5). In this case the
quantum mechanical to ther-
mal crossover is at lc ≈ 0.902
where the flow shows the maxi-
mum value, after that it moves
towards the IR regime and
the quantum mechanical exci-
tations in the boundary N = 4
SYM theory starts to thermal-
ize. This plot shows that in
higher dimension the thermal-
ization in the boundary field theory occurs at smaller value of the subsytem size l. The plots once again
reveals that the generalized temperature Tg firmly represents behavior of the renormalized holographic
entanglement along the whole RG scale of the theory.
0 1 2 3 4
0.0
0.2
0.4
0.6
0.8
1.0
Subsystem size (l)
d(β g)/
d(log
l)
Figure 5: RG flow of βg with respect to l in AdS4+1 black hole (zh = 1, L = 1000, G = 1).
9
4 Conclusion
We summarize our findings now. In this paper, we holographically compute the EE of both ground state
and excited state of a d-dimensional boundary conformal field theory living in the boundary of a (d + 1)-
dimensional AdS space. By utilizing these results of EE we define a divergence free renormalized EE
(SREE) in dimensions d ≥ 3. With the help of the first law of black hole thermodynamics and SREE , we
then define a generalized temperature Tg which is valid in both UV and IR domain of the theory unlike the
entanglement temperature Tent of entanglement thermodynamics computed by Fefferman-Graham expansion
of the concerned metric [23]. We then study the behavior of Tg in the UV and IR domain of the theory.
In the IR regime, Tg gives the inverse Hawking temperature along with some correction terms which are
purely microscopic in nature as they depend upon the subsystem size l of the boundary field theory. In
the UV regime, Tg is inversely proportional to the subsystem size l which is similar to the well known
entanglement temperature Tent and observing this we establish a relationship between Tg and Tent in the
UV domain. In IR domain, the HEE of the excited state of the boundary field theory thermalizes and Tg
shows a macroscopic behavior. However, in the UV domain short distance correlation of the degrees of
freedom along the entangling surface dominates and Tg reveals a microscopic nature. We then compute
the renormalization group equation for T−1g ≡ βg to capture the renormalization group flow correctly. We
graphically represent the flow of βg along the whole RG scale of the theory for AdS3+1 and AdS4+1 black
holes. It is well known that the pure AdS5 is dual to a N = 4 SYM theory at the boundary. Hence
the renormalization group flow of βg in AdS4+1 represents the flow of entanglement entropy along the
whole RG scale of a perturbed N = 4 SYM theory. The renormalization group flow of βg firmly shows
quantum mechanical to thermal crossover of the theory. This in turn implies that the purely microscopic
entanglement entropy evolves to a macroscopic thermal entropy revealing the microscopic origin of the real
thermodynamic law in the context of black hole thermodynamics. We believe this connection between
non-classical, microscopic entanglement thermodynamics and real thermodynamics is quite fascinating as
it directly helps us to understand the microscopic origins of a macroscopic entity. The scenario discussed
in this paper in principle can be extended for hyperscale violating spacetimes and also for a boundary field
theory with a chemical potential. We leave these as future works.
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